Math 121 Final Exam Answer Key December 20, 2015

1. [15 Points] Evaluate each of the following limits. Please justify your answers. Be clear if the
limit equals a value, +00 or —oo, or Does Not Exist.
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2. [30 Points] Evaluate each of the following integrals.
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Standard u substitution to simplify at the start:

u=1Inzx r=e=u=1
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3. [24 Points]  For each of the following improper integrals, determine whether it converges
or diverges. If it converges, find its value.
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4=A(x —2)+ B(z —6)
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sothat A+ B=0, and —24A—-6B =4
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4. [18 Points] Find the sum of each of the following series (which do converge):
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9. [35 Points] In each case determine whether the given series is absolutely convergent,
conditionally convergent, or divergent. Justify your answers.
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Therefore, these two series share the same behavior, and the absolute series g T is also
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convergent by Limit Comparison Test (LCT). (Note: the Original Series is Convergent by ACT.)

Finally, we have ’Absolute Convergence ‘
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Therefore the absolute series converges by CT. (Note: The original series converges by ACT.)
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First, we show the absolute series is divergent. Note that
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p-series with p = 5 < 1. Next,
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Check: lim 2 9 _ lim = lim ———= =1 which is finite and non-zero. There-

Jn

1
fore, these two series share the same behavior. Since Z \F is the divergent p-Series (p =3 < 1) ,
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then the absolute series Z is also divergent by Limit Comparison Test. As a result, we have
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no chance for Absolute Convergence

Secondly, we are left to examine the original alternating series with the Alternating Series Test.
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Therefore, the original series converges by the Alternating Series Test. Finally, we can conclude
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Therefore, the series by the Ratio Test.

6. [15 Points] Find the Interval and Radius of Convergence for the following power series.
Analyze carefully and with full justification.
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7. [8 Points]



(a) Write the MacLaurin Series for the hyperbolic cosine f(x) = coshz.
f(x) = coshz

ef+e 1 S > (—x)" 1 [ 2 = (—1)nan

n=0 n=0 n=0
sy (e D e s (e S oD D L)
2 2! 3! 4! 2! 3! 4!
1 z? zt
=5 (2v2(5) w2() )
2 gt © g2 . L :
= —&—5 +E+ ZO 2n)! Here R = oo because sinh z is built of exponentials

OR you could use the manual chart method:

f(z) =coshz  f(0) =cosh0=1
f'(x) =sinhz  f'(0) =sinh0 =0
f"(z) =coshz f"(0) =cosh0 =1

f"(x) =sinhz  f"(0) =sinh0 =0

" "
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Note, all of the odd powered derivatives equal 0, so we are left with only the even powered terms.

(b) Write the MacLaurin Series for f(x) = cosh(2x?).
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(c) Use this series to determine the twelfth, and thirteenth, derivatives of f(z) =

cosh(2x3)

evaluated at & = 0. That is, compute f12)(0) and f13(0). Do not simplify your answers here.
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8. [12 Points]  Please analyze with detail and justify carefully. Simplify your answers.

1
(a) Use the MacLaurin series representation for f(x) = x sin (:1:2) to Estimate / xsin (mQ) dz
0

1
with error less than 100" Justify in words that your error is less than —
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(b) Estimate cos <2> with error less than 100" Justify in words that your error is indeed less than
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Using ASET we can estimate the full sum using only the first two terms with error at most 384 <

1
100 as desired.

9. [10 Points] Consider the region bounded by y = cosz, y =z +1, 2 =0 and = = g Rotate

the region about the vertical line . COMPUTE the volume of the resulting solid using
the Cylindrical Shells Method. Sketch the solid, along with one of the approximating cylindrical
shells.

See me for a full sketch.
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10. [18 Points|

1
(a) Consider the Parametric Curve represented by =z =t¢t+ —— and y=2In(l+1).

1+t
COMPUTE the arclength of this parametric curve for 0 < ¢ < 4.
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(b) Consider a different Parametric Curve represented by = =t —e? and y=1— 8¢t
COMPUTE the surface area obtained by rotating this curve about the , for 0 <t < 3.
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11. [15 Points] Compute the area bounded outside the polar curve = = 1+ sin@ and inside
the polar curve r = 3sinf. Sketch the Polar curves and shade the bounded area.

These two polar curves intersect when
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Using symmetry, we will integrate from 6 = % to 0 = g and double that area.
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= /2 3 —4cos(20) —2sinf db
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