Math 121 Final Exam May 14, 2016

1. [18 Points] Evaluate each of the following limits. Please justify your answer. Be clear if the
limit equals a value, +00 or —oo, or Does Not Exist.
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2. [18 Points] Evaluate each of the following integrals.
1 1
e dr= [ —————— 2sec’ 6 df
(2) / (3:2 +4)2 v / (4tan? 6 + 4)2 nee
1 1 [sec?d
2sec’ 0 df = | ———— 2sec’f df =
/ (4 602 0)? See / 16secig > 8 / sect 0

Match!

1 1 + cos(20)
=3 /cos@d0—8/2d0
1 1 sin(26)

1 2sm€cos€ 1 .
16(6+ >+C_16(9+sm90039)+0
(oo () e ) o
— T n =7z
~ 16 v¢2+4 VaZ +4 16

r = 2tanf

Trig. Substitute

0
. z .
(b) / ztarcsinz dx = - aresing

-1
xd .

= — arcsinx
)

0 .
= — arcsinx
)

0

-1
0

-1

dx = 2sec? 0do

5

1 (=9  &in®@
— = COSG do
z=—11/1 — sin?
1

Ut

=1

=0 &in®g x° .
— = cosf df = — arcsinz
. 5

cos2 6

0 0 5
1
_/ A
—1 5 -1 1—.’172




0
.1‘5

1 =0 x5 0 1 x=0
= —arcsinz - = / sin® @ df = — arcsinz - = / sin?@sinf do
5 1 9= 5 "

—1 5 =—1

ZCS 0 1 =0 LITS 0 1 =0
= —arcsinz| — / (1 —cos®0)?sinf df = — arcsinz| + / (1—w)? dw
5 5 PR A

1’5 0 1 =0
:Earcsinx +5/ 1—2w? +w* dw

x® P n 1 < 2uw3 N w5> z=0
= — arcsinz —lw—-— 4+ —

5 4 9 3 SNy

x° 0 1 2 cos® 0 cos50> z=0
= —arcsinx + = | cosf — +

5 4 5 3 5 r=—1

5 — 2 23 _o2\2 0
:x—arcsinx—i—\/l z?  2(1 x)2+(1 x%)2

5 5 15 25 _1

1 2 1 1
:0+5—T5+?5— <—5arcsin(—1)+0—0+0>

JLoz Lyl B 0,3 x [8 x
75 75 75 100 |75 10

5 15 25+5

2
u = arcsin x dv = z*dx
1 b
dy = ——=dxr v=—
V1—z2 )

r =sinf
Trig. Substitute

dx = cos 0df V1— 22

w = cos b
Substitute | dw = — sin 6d6
—dw = sin 8d0

3. [36 Points]  For each of the following improper integrals, determine whether it converges
or diverges. If it converges, find its value.
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4. [18 Points] Find the sum of each of the following series (which do converge):
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9. [35 Points] In each case determine whether the given series is absolutely convergent,
conditionally convergent, or divergent. Justify your answers.
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Therefore, these two series share the same behavior, and the absolute series is also convergent by
Limit Comparison Test (LCT). (Note: the Original Series is Convergent by ACT.) Finally, we have
’ Absolute Convergence ‘
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Finally, the absolute series is Convergent by CT, and therefore the orginal series is . (Note:
The O.S. is convergent by ACT.)
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Therefore, these two series share the same behavior. Since Z — diverges, then the absolute series
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also diverges by LCT.
Secondly, we are left to examine the original alternating series with the Alternating Series Test.
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6. [15 Points] Find the Interval and Radius of Convergence for the following power series.
Analyze carefully and with full justification.

Use Ratio Test.
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The Ratio Test gives convergence for z when <lor|3z—-5|<T.
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7. [20 Points| Consider the region bounded by y = arctanz, y =0, 2 =0 and x = 1. Rotate
the region about the y—axis.

(a) Sketch the resulting solid, along with one of the approximating cylindrical shells.

See me for a sketch.

(b) Set-up the integral to compute the volume of this solid using the Cylindrical Shells Method.

1 1
V= / 27 radius height dx =| 27 / x arctanx dx
0 0

(c) Compute your integral in part (b) above.
1

1 () x? 1 1
V = 277/ x arctanz dx = 27 5 arctanx — 5:1: + 3 arctanx
0

0
1

= m[(arctan1 — 1 4 arctan 1) — (O arctan 0 — 0 + arctan0)]
0

2

=7 [:U arctanx — x + arctan x]

:w[<%—1+%) —(OarctaHO—O—i—arctanO)} :F{g—l} S

10



2 1 2411
(**)/m arctan x dx = %arctana:— 2/33+ dax

14+ 22

2 2 2
€T 1 x“+1 1 €T 1 1
:2arctanx—2/1+x2—1+$2 dx:2arctanx—2/l—1+x2dm
2 rch L tanz) + C Z° ot Lo+ Larctanz +
= —arctanz — = (x — arcta =| —arctanz — — — arcta
21rn:5 2:c rctan x 2rn:z 2x2r nx
u = arctan x dv = zdz

1 x2
du = ——d = —
TR VT

OR if you don’t like the “slip-in/slip out” technique, use a tangent trig. substitution instead
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(d) Use MacLaurin Series to Estimate the integral in part (b) above with error less than %
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Using the Alternating Series Estimation Theorem (ASET), we can approximate the actual sum
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8. [20 Points] Consider the Parametric Curve represented by z = e+ and y = 2In(1+¢").

1+et
(a) Write the equation of the tangent line to this curve at the point where ¢ = 0.
dx et dy 2¢el
First — b and 2 = ——.
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Equation of the Tangent Line:
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) COMPUTE the arclength of this parametric curve for 0 < ¢ < 1In3.
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9. [20 Points] For each of the following parts, do the following two things:
1. Sketch the Polar curves and shade the described bounded region.

2. Set-Up but DO NOT EVALUATE the Integral representing the area of the described bounded
region.

(a) The area bounded outside the polar curve 7 = 3 + 3cosf and inside the polar curve
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A
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r=9cosf. OB

These two polar curves intersect when 3 + 3cosf = 9cosf = 6cos =3 = cosf =5 = 0=+

Area = A = ;/3 ((outer )% — (inner r)2) do

w3y

1 jus
= 2/_3 (90080)2—(34—30089)2) do

w|y

OR using symmetry

1[5 2 2
A=|2 3 (9cosB)* — (3 + 3cosb)” db
0

(b) The area bounded outside the polar curve r =1 and inside the polar curve r = 2sin6.
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These two polar curves intersect when
1 o7

281n9:1:>sin9:§:>9:%0r9:z.
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%

14

N

2.5



= ;/6(251n9)2 —(1)? a9
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OR using symmetry

A=2 (; [rg(QsinQ)Q —(1)? d@)
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(c) The area that lies inside both of the curves r = 1+sin@ and inside the polar curve r = 1—sin6.
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These two polar curves intersect when § = 0 and 6 = .

Using symmetry, we have

1 [z
Area=A=14 (2/ ((outer r)* — (inner 7)?) dc9>
0
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1 (2 o
= 4(2/0 (1 —sinb) d9>

OR you could use symmetry again

A=|4 (; K(l — sin 6)? d9>

2

OR you could use symmetry again

A= 2(1/ (1 —sinf)? dH)
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OR you could use symmetry again

1T,
A=|4 2/ (1+sin6)” do

OR you could use symmetry again

1 27 ] )
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OR you could use symmetry again
1 2
A=|2 (2/ (1 + sin6)? d@)

(d) The area bounded outside the polar curve r =1 and inside the polar curve r = 2sin(26).
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These two polar curves intersect when 2sin(20) = 1 = sin(20) = 3 = 6 = £— or —.

Using symmetry

5m
Area=A=14 (;/12 ((outer r)? — (inner r)?) d9>

18

W



=4 (; /:g(Q sin(20)? — (1)? d9>
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OR using more symmetry

A=8 (; /f(z sin(260)? — (1) d0>
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