Math 121 Midterm Exam #1 February 21, 2014
Answer Key

1. [10 Points]

dy 1
Let y = inz. Use implicit diff tiation to PROVE that — = ——.
(a) Let y = arcsinz. Use implicit differentiation to at - Vi
If y = arcsin x, then siny = x. Implicitly differentiate both sides,

d

T (siny) = (o).

dx
d
Then cosy—y =1.
dx
dy 1 1 1

Solve for —= = = = Here we used the trig. identity to finish
dr cosy /1—sin?y V1-—a2 & Y

OR finish

dy 1 1 1

dz  cosy cos(arcsinz)  /1— 22

)

Vv1—2z2

using the trig. from the triangle

(b) From part (a) we now know that dxr = arcsinz + C. You may use this fact to

PROVE that

=

T = arcsin (g) +C <+— Prove this.

=

1 1
—3/ da:—/\/idu—arcsmu_arcsm( )+C’
-5
x
U= =
3
Standard u substitution to simplify:
du = 1 dx
3

Note: OR you can also do a trig. substitution here.



2. [30 Points] Evaluate each of the following limits. Please justify your answers

limit equals a value, +00 or —oo, or Does Not Exist.
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3. [30 Points] Compute the following definite integral. Please simplify your answer.

In7 In7

In7 In7
(a) / xsinhz dv == xcoshz| — / coshz dxr = zcoshz
0 0

0 0
=In7cosh(ln7) — 0 —sinh(In7) 4+ sinh 0 = In 7 cosh(In 7) — sinh(In7) 4+ 0
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50 48
= - 25 24
T _ (7)) = ) (422
1n7<2> <2> ln7<7> <7>
U=z dv = sinh xzdx
L.B.P.
du =dx v =coshx
3V3 1 1 3v3 3V3
(b) dx = arcsin ( ) + — arctan <$>
3 V36 —a? 9—|-332 6/ |5 3 3/ |5
= arcsin 3V3 — arcsin 3 - arcta i - 1awctan 5
6 6 3 3
1 1
= arcsin <\2[> — arcsm —|— 3 arctan <\/§) —3 arctan (1)
_r_T 1(3) fH_z Tyr_rx _2m 6r Ar 3r_\7m
3633 3 6 9 12 36 36 36 36 |36

e

= arctan(lne) — arctan(In 1)
1

dx = arctan(Iln )

¢ 1
(c) /1 z[1+ (Inx)?]

= arctan(l) — arctan(0) =

v
—0=17

»4>\=1

OR you can use a standard u-substitution, being careful to change the limits of integration or mark

u=Inx r=1=wu=In(1)=0
them as z-limits.
1
du:fdiL‘ x:e:}’UJ:lH(E)Zl
T

1

1 ) :
| 1oz du = arctanu) = arctan(1) = aretan(0) = 7 0 =

¢ 1
/1 z[1+ (Inx)?] dr

0

OR
e 1 r—e 1 r=e e
—_——dx = ——— du = arctanu = arctan(lnz)| =
/1 2[1+ (o) /zzl [ - 2],
4. [30 Points] Compute the following indefinite integral.

2

(a) /:z:arcsina: dx = %

1 / T d 22 sm 0
— | —dx =
2) V1—2a? 2

arcsinxz — arcsin x — -cos 6 db

SlIl

2 1 in% 6 2 1 in% @ 2 1
S arcsin ZL‘—* St .cos 6 df = r arcsin x—— / s .cos 6 df = r arcsin x—— / sin? 6d0
2 vV cos2 6 2 2 cos 2 2



2 1 [1—cos(26 2 1
= % arcsinz — B / C;S()clﬁ = % arcsin x — i / 1 — cos(20)d6

o 1 1. . 1, 1.
= arcsing — - [0 ~5 sm(29)] +C = ~ aresinz — 19 + 3 sin(20) + C

2 2
1 1 1 1
:% arcsinx—ZG—FngianosG—FC: —3; arcsina:—Zarcsinx—i-zx\/l—aﬁ—kc

u = arcsin x dv = zdx
1 x2
dy = —=dxr v=—
V1—2x2 2
1
xr =sin6 v
Trig. Substitute
dzx = cos 0df V1— 22

e 1 1
(b) /e7dx:/7du:/7~ 2sec? 0 df
(e2r +4)z (u?2+4)2 (4tan? 0 + 4)2

1 1 1
= [ —— . 2sec?0 d@—/- 2sec? d@—/- 2sec? 0 do
/(4sec29); (V4sec? 0)7 (2sech)?

1 [ sec?d 1 1 1
= | —di= [ — df = — °0 do

26 / sec” 0 26 | sec®d 64 |

1 1

=61 cos*fcosh df = o /(0052 0)%cosf df = ol /(1 —sin?6)% cos 0 db
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Standard u substitution to simplify at the start:




uZ +4

u=2tanb
Trig. Substitute
du = 2 sec? 0do 2

Standard w substitution for odd trig. integral / cos” 6 df technique:

w = sind

dw = cos 0 db

2

2 _ 2 €
(c) /1n(m +1) de =zln(z Jr1)2/$2_{_1
2 2
o e B 22 41 1

1
:g:ln(x2+l)—2</1 dm—/x2+1 d:r)

=zIn(2? +1) —2(z —arctanx) + C = |z In(2? + 1) — 22 + 2arctanx + C

dx

u=In(x?+1) dv=dx

I.B.P. 9

du:ixdx v=21
x2+1

NOTE: OR you can use a trig substitution to finish / % dx.
x

>3k sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk skosk sk skosk sk sk sk sk sk sk sk sk sk sk sk skosk ko skokoskoskokok kR SRR SRR SRR SRR R R Rk sk sk sk sk skoskoskoskoskoskoskoskoskoskoskoskeskoskesk

OPTIONAL BONUS

Do not attempt these unless you are completely done with the rest of the exam.
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OPTIONAL BONUS #1 Compute the following indefinite integral.

1. /6V1+ﬁd:ﬂ:4/w(w21)ew dw:4/(w3w)ew dw:4</w3ew dw/we“’ dw)

4((*) = (#x)) = 4 ((w*e® — 3w?e™ + 6we™ — 6e*) — (we® — e)) + C
4 (w?’e“’ — 3w?e? + 6we? — 6e¥ — we™ + e“’) +C =14 (w?’e“’ — 3w?e” + Hwe? — 56“’) +C

o (VIFVA) T (VIR VIR 5 () /17 e )
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:4em_(m)3—3< 1+ﬁ)2+5(m)—5}+0
= 4eVIVE (14 o) VI Va3 (14 V) +5 (VI+Va) =5] + C
=4V | T o+ /3 (VT /) = 3-3va+5 (VI+a) 5| +C
= 4eV1VE [63/T4 Va + v (VI+E) 8- 3yz| +C
w =y/I+Vi=w'=1+Vr=w"-1=z

Here dw = <2\/11+7\/5> (ﬁ) d
4 (W) Vedw =dx

dw(w? —1)dw = dx

>k sk sk ok >kok sk sk sk sk sk sk sk skosk sk sk sk skosk sk sk skokosk sk sk skok sk sk sk skokosk sk sk skokosk sk sk skosk sk sk skokosk sk sk skokosk sk sk skok sk sk sk skok sk sk skokoskosk sk skokoskoskk

(*)Aside: /w3ew dw = wie? — S/wQew dw = w3e? — 3 <w2ew - 2/wew dw>
= we? — 3w?e? + G/wew dw = w3e® — 3w?e” + 6 <wew — /e“’ dw)

= w3e¥ — 3w2e¥ + 6/106“’ dw = w3e® — 3w?e” + 6we” — 6e¥ + C

u=w> dv = e“dw u = w? dv = e“dw
First I.B.P. Second 1.B.P.

du = 3w?dw v=e? du =2wdw v =e¢e"%

U=w dv = e“dw

Third I.B.P.

du=dw v=e%
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(**)Aside: /wew dw = we" — /ew dw = we"” —e* +C

U=w dv = e“dw
1.B.P.

du=dw v=e%

OPTIONAL BONUS #2 Compute the following indefinite integral.
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2/111 (u—1)+Inu+1)du=2((u—1)In(u—1)—(u—1)+(u+ 1) In(u+1) — (u+1))+C
(VE - DIn(yF—1) = (VE - 1)+ (VE+ DIn(yE+1) = (VF+ 1)+ C
Ve—=1Dh(/z-1)-vr+1+(z+)n(Vz+1)-vVe-1)+C

2((vF— D)In(yE — 1) — 2/ + (V& + )In(y/z + 1))

2(
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Here| du :2\1fd$
2du —fda;
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OR recognlze/ Tz dx—/ z d —/ NG d
[ In(y/z—1) +In(y/z+1) . In(y/z —1) . In(yz + 1) .
-/ Ve o= [N e [ R g

= ...do subsitution on both pieces, and then I.B.P.

=2((Ve-1)h(Vz-1) - (Ve -1+ (z+1)n(Vz+1) - (Ve +1))+C



