
Math 250 Spring 2025 Final Exam

1. [20 points] Short answer questions. Each answer is worth 2 points. You do not need to
show any work. Several questions have multiple possible answers; you only need to
give one.

(a) Find integers a, b, c with no common factors such that a2 + b2 = c2 and c > 50 (that is, a
primitive Pythagorean triple with c > 50).

(b) Find the greatest common divisor of 78 and 91.

(c) Find 500−1 mod 1001.

(d) Find an integer n such that 13n ≡ 1 mod 77.

(e) Find a number with exactly 7 positive divisors (including 1 and itself).

(f) Find σ(72), i.e. the sum of all positive divisors of one 72.

(g) Find the remainder when 21202 is divided by 13.

(h) Find three different primes for which x2 ≡ 2 mod p has an (integer) solution x.

(i) Find the order of 2 modulo 13.

(j) How many of the numbers 1, 2, · · · , 96 are quadratic nonresidues modulo 97? (97 is prime.)

2. [12 points] Solve each congruence. You should express your answer as a single congruence
x ≡ · · · mod · · · that describes all solutions to the original congruence.

(a) 3x ≡ 5 mod 13

(b) 5x ≡ 5 mod 10

(c) 28x ≡ 14 mod 49

3. [12 points] Suppose that a and b are integers with gcd(a, b) = g, and let n be some other
integer.

(a) Prove that if there exist integers u, v such that au+ bv = n, then g | n.
(b) Prove conversely that if g | n, then there exist integers u, v such that au+ bv = n.

4. [12 points] (a) Prove that for all m ≥ 3, ϕ(m) is even.

(b) Describe all integers m ≥ 3 such that ϕ(m) is not divisible by 4. You do not need to prove
your answer, but you should state it clearly.

5. [12 points] The following is a list of all prime numbers between 100 and 150:

101, 103, 107, 109, 113, 127, 131, 137, 139, 149

(a) For which of these primes p does x2 ≡ 5 mod p have an integer solution x?

(b) For which of these primes p does x2 ≡ −55 mod p have an integer solution x?

6. [12 points] Compute 132025 mod 41, i.e. the remainder when 132025 is divided by 41. You may
use the multiplication table modulo 41 provided at the back of the exam packet.

7. [12 points] (a) Complete the table below, listing powers of 2 modulo 29. A couple values are
provided in the second row to help you check your answers.
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n 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15

2n mod 29 2 4 8 16 3

n 16 17 18 19 20 21 22 23 24 25 26 27 28

2n mod 29 25 21

(b) Briefly explain why your chart shows that 2 is a primitive root modular 29.

(c) Denote by I(a) the index of a with base 2 mod 29. Use your chart to determine I(21) and
I(10).

(d) Using the indices you found in the previous part, solve the congruence for x.

21x ≡ 10 mod 29.

(e) Find I(16), then use this to find all solutions x ∈ {1, 2, · · · , 28} to the congruence

x12 ≡ 16 mod 29.

8. [12 points] Find two different ways to express 1989 as a sum of two squares. That is, find four
different squares a2, b2, c2, d2 such that 1989 = a2 + b2 = c2 + d2.

You may use that 1989 factors as 32 · 13 · 17.

9. [12 points] Let p be a prime number other than 3, and let a, b be integers such that

p | (a2 + 3b2).

Assume also that neither a nor b is divisible by p. Prove that p ≡ 1 mod 3.

For partial credit: make the stronger assumption that p = a2 + 3b2, and prove that p ≡
1 mod 3.

10. [12 points] Let p be a prime number such that p ≡ 1 mod 4, and let g be a primitive root
modulo p.

(a) Prove that g(p−1)/2 ≡ −1 mod p.

(b) Deduce that if a ≡ g(p−1)/4 mod p, then a satisfies a2 ≡ −1 mod p. (This is one way to
find square roots of −1 modulo p).

(c) Suppose that x ∈ {1, 2 · · · , p−1} is chosen at random, and we calculate b ≡ x(p−1)/4 mod p,
hoping that it will be a square root of −1 as well (we might do this if we don’t yet know
a primitive root modulo p). Prove that indeed b2 ≡ −1 mod p if and only if I(x) is odd,
so this attempt will succeed exactly 50% of the time.
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Multiplication table modulo 41: (feel free to detach for convenience)

0 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

1 0 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20

2 0 2 4 6 8 10 12 14 16 18 20 22 24 26 28 30 32 34 36 38 40

3 0 3 6 9 12 15 18 21 24 27 30 33 36 39 1 4 7 10 13 16 19

4 0 4 8 12 16 20 24 28 32 36 40 3 7 11 15 19 23 27 31 35 39

5 0 5 10 15 20 25 30 35 40 4 9 14 19 24 29 34 39 3 8 13 18

6 0 6 12 18 24 30 36 1 7 13 19 25 31 37 2 8 14 20 26 32 38

7 0 7 14 21 28 35 1 8 15 22 29 36 2 9 16 23 30 37 3 10 17

8 0 8 16 24 32 40 7 15 23 31 39 6 14 22 30 38 5 13 21 29 37

9 0 9 18 27 36 4 13 22 31 40 8 17 26 35 3 12 21 30 39 7 16

10 0 10 20 30 40 9 19 29 39 8 18 28 38 7 17 27 37 6 16 26 36

11 0 11 22 33 3 14 25 36 6 17 28 39 9 20 31 1 12 23 34 4 15

12 0 12 24 36 7 19 31 2 14 26 38 9 21 33 4 16 28 40 11 23 35

13 0 13 26 39 11 24 37 9 22 35 7 20 33 5 18 31 3 16 29 1 14

14 0 14 28 1 15 29 2 16 30 3 17 31 4 18 32 5 19 33 6 20 34

15 0 15 30 4 19 34 8 23 38 12 27 1 16 31 5 20 35 9 24 39 13

16 0 16 32 7 23 39 14 30 5 21 37 12 28 3 19 35 10 26 1 17 33

17 0 17 34 10 27 3 20 37 13 30 6 23 40 16 33 9 26 2 19 36 12

18 0 18 36 13 31 8 26 3 21 39 16 34 11 29 6 24 1 19 37 14 32

19 0 19 38 16 35 13 32 10 29 7 26 4 23 1 20 39 17 36 14 33 11

20 0 20 40 19 39 18 38 17 37 16 36 15 35 14 34 13 33 12 32 11 31

21 0 21 1 22 2 23 3 24 4 25 5 26 6 27 7 28 8 29 9 30 10

22 0 22 3 25 6 28 9 31 12 34 15 37 18 40 21 2 24 5 27 8 30

23 0 23 5 28 10 33 15 38 20 2 25 7 30 12 35 17 40 22 4 27 9

24 0 24 7 31 14 38 21 4 28 11 35 18 1 25 8 32 15 39 22 5 29

25 0 25 9 34 18 2 27 11 36 20 4 29 13 38 22 6 31 15 40 24 8

26 0 26 11 37 22 7 33 18 3 29 14 40 25 10 36 21 6 32 17 2 28

27 0 27 13 40 26 12 39 25 11 38 24 10 37 23 9 36 22 8 35 21 7

28 0 28 15 2 30 17 4 32 19 6 34 21 8 36 23 10 38 25 12 40 27

29 0 29 17 5 34 22 10 39 27 15 3 32 20 8 37 25 13 1 30 18 6

30 0 30 19 8 38 27 16 5 35 24 13 2 32 21 10 40 29 18 7 37 26

31 0 31 21 11 1 32 22 12 2 33 23 13 3 34 24 14 4 35 25 15 5

32 0 32 23 14 5 37 28 19 10 1 33 24 15 6 38 29 20 11 2 34 25

33 0 33 25 17 9 1 34 26 18 10 2 35 27 19 11 3 36 28 20 12 4

34 0 34 27 20 13 6 40 33 26 19 12 5 39 32 25 18 11 4 38 31 24

35 0 35 29 23 17 11 5 40 34 28 22 16 10 4 39 33 27 21 15 9 3

36 0 36 31 26 21 16 11 6 1 37 32 27 22 17 12 7 2 38 33 28 23

37 0 37 33 29 25 21 17 13 9 5 1 38 34 30 26 22 18 14 10 6 2

38 0 38 35 32 29 26 23 20 17 14 11 8 5 2 40 37 34 31 28 25 22

39 0 39 37 35 33 31 29 27 25 23 21 19 17 15 13 11 9 7 5 3 1

40 0 40 39 38 37 36 35 34 33 32 31 30 29 28 27 26 25 24 23 22 21
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Multiplication table modulo 41, continued:

21 22 23 24 25 26 27 28 29 30 31 32 33 34 35 36 37 38 39 40

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

1 21 22 23 24 25 26 27 28 29 30 31 32 33 34 35 36 37 38 39 40

2 1 3 5 7 9 11 13 15 17 19 21 23 25 27 29 31 33 35 37 39

3 22 25 28 31 34 37 40 2 5 8 11 14 17 20 23 26 29 32 35 38

4 2 6 10 14 18 22 26 30 34 38 1 5 9 13 17 21 25 29 33 37

5 23 28 33 38 2 7 12 17 22 27 32 37 1 6 11 16 21 26 31 36

6 3 9 15 21 27 33 39 4 10 16 22 28 34 40 5 11 17 23 29 35

7 24 31 38 4 11 18 25 32 39 5 12 19 26 33 40 6 13 20 27 34

8 4 12 20 28 36 3 11 19 27 35 2 10 18 26 34 1 9 17 25 33

9 25 34 2 11 20 29 38 6 15 24 33 1 10 19 28 37 5 14 23 32

10 5 15 25 35 4 14 24 34 3 13 23 33 2 12 22 32 1 11 21 31

11 26 37 7 18 29 40 10 21 32 2 13 24 35 5 16 27 38 8 19 30

12 6 18 30 1 13 25 37 8 20 32 3 15 27 39 10 22 34 5 17 29

13 27 40 12 25 38 10 23 36 8 21 34 6 19 32 4 17 30 2 15 28

14 7 21 35 8 22 36 9 23 37 10 24 38 11 25 39 12 26 40 13 27

15 28 2 17 32 6 21 36 10 25 40 14 29 3 18 33 7 22 37 11 26

16 8 24 40 15 31 6 22 38 13 29 4 20 36 11 27 2 18 34 9 25

17 29 5 22 39 15 32 8 25 1 18 35 11 28 4 21 38 14 31 7 24

18 9 27 4 22 40 17 35 12 30 7 25 2 20 38 15 33 10 28 5 23

19 30 8 27 5 24 2 21 40 18 37 15 34 12 31 9 28 6 25 3 22

20 10 30 9 29 8 28 7 27 6 26 5 25 4 24 3 23 2 22 1 21

21 31 11 32 12 33 13 34 14 35 15 36 16 37 17 38 18 39 19 40 20

22 11 33 14 36 17 39 20 1 23 4 26 7 29 10 32 13 35 16 38 19

23 32 14 37 19 1 24 6 29 11 34 16 39 21 3 26 8 31 13 36 18

24 12 36 19 2 26 9 33 16 40 23 6 30 13 37 20 3 27 10 34 17

25 33 17 1 26 10 35 19 3 28 12 37 21 5 30 14 39 23 7 32 16

26 13 39 24 9 35 20 5 31 16 1 27 12 38 23 8 34 19 4 30 15

27 34 20 6 33 19 5 32 18 4 31 17 3 30 16 2 29 15 1 28 14

28 14 1 29 16 3 31 18 5 33 20 7 35 22 9 37 24 11 39 26 13

29 35 23 11 40 28 16 4 33 21 9 38 26 14 2 31 19 7 36 24 12

30 15 4 34 23 12 1 31 20 9 39 28 17 6 36 25 14 3 33 22 11

31 36 26 16 6 37 27 17 7 38 28 18 8 39 29 19 9 40 30 20 10

32 16 7 39 30 21 12 3 35 26 17 8 40 31 22 13 4 36 27 18 9

33 37 29 21 13 5 38 30 22 14 6 39 31 23 15 7 40 32 24 16 8

34 17 10 3 37 30 23 16 9 2 36 29 22 15 8 1 35 28 21 14 7

35 38 32 26 20 14 8 2 37 31 25 19 13 7 1 36 30 24 18 12 6

36 18 13 8 3 39 34 29 24 19 14 9 4 40 35 30 25 20 15 10 5

37 39 35 31 27 23 19 15 11 7 3 40 36 32 28 24 20 16 12 8 4

38 19 16 13 10 7 4 1 39 36 33 30 27 24 21 18 15 12 9 6 3

39 40 38 36 34 32 30 28 26 24 22 20 18 16 14 12 10 8 6 4 2

40 20 19 18 17 16 15 14 13 12 11 10 9 8 7 6 5 4 3 2 1
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