Math 272 Final exam, sample 2

1. [9 points] When titanium tetrachlroide is sprayed into the air, it reacts with water vapor to
form hydrogen chloride and fine particles of titanium dioxide (sometimes used to create smoke
screens). The reaction can be expressed in the chemical equation

TiCly + HoO — TiO9 + HCI.
Write and solve a system of linear equations to balance this chemical equation.
2. [9 points] Suppose that there are two cities, A and B. Every year, 20% of the citizens of city

A relocate to city B, and 10% of the citizens of city B relocate to city A.

(a) Viewing the movement of population between these cities as a Markov process, find the
transition matriz T of this process. More explicitly, T" should be a matrix with the
following property: if a and b are the current populations of cities A and B, then the two

coordinates of T' Z are the populations of A and B next year.

(b) What percentage of the current population of A will live in city A two years later?
(c¢) Find a vector ¥ such that T'(7) = v.
3. [9 points] Suppose that V and W are two vector spaces of the same dimension, and that
T: V — W is a linear transformation.
(a) Prove that if T' is one-to-one, then T is also onto.
(b) Prove, conversely, that if T is onto, then T is one-to-one.
(c) Prove that if V' and W have different dimensions, then it is impossible for 7' to be both
one-to-one and onto.
4. [12 points] Denote by P the vector space of polynomials of degree at most 2.

(a) Consider the basis B = {x + 1,2% + x,2% + 1} of P,. Find the coordinates [2%]5 of 22 in
the basis B.

(b) Let S = {1,x,2%} denote the standard basis of Py, and let B be the basis from part (a).
Determine the two change of basis matrices [I] and [I]5.

(c) Consider the linear operator T': Py — Py given by

T(p(z)) =z p'(2)
(where p’(x) denotes the derivative of p(z)). Find the matrix representation [T]g of T in
the standard basis S.

(d) What is the matrix representation [T']p of T" in the basis B? You may express your
answer in terms of your answers to parts (b) and (c), without simplifying any
matrix multiplication.

5. [12 points] Consider the matrix A = <_12 i)
(a) Determine the eigenvalues of A.
(b) For each eigenvalue, find a nonzero eigenvector.

(c) Diagonalize the matrix A (that is, determine matrices P and D such that A = PDP~!
where D is a diagonal matrix).
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6. [9 points] Consider the following matrix.

11 -2 0 2
10 3 01
A= 12 =7 7 10
1 3 -12 0 4

You may use, without proof, that the matrix row-reduces to the following matrix (in reduced
echelon form).

10 3 01
01 =5 01
00 0 11
00 0 0O

(a) Find a basis for the span of the columns of A.
(b) Find a basis for the null space of A.

(c¢) Find the general solution (in terms of one or more free variables) of the matrix equation

h
8
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Hint: The right side of this equation is equal to the first column of A. Use this to find
one specific solution, and then deduce the general solution from this.

7. [9 points] (a) Let T': R? — R? be the linear transformation given by reflection across the line
Y= %:U Find the matrix representation of 1" in the standard basis.

(b) Let A = & <152 i25> This is the matrix representation of reflection across some line

through the origin in R? (the “axis of reflection.”). What is the axis of reflection?

8. [9 points] Consider the following three points in the plane:
(wlyyl) - (172)7 ($2,y2) = (372)7 (3337y3) = (37 1)

Suppose that we wish to find a line of best fit for these three points. This problem concerns
two ways to do this, which optimize different choices of “error function.”

(a) Suppose we wish to find the coefficients of a line in the form y = ¢jz + ¢o that minimizes

3
Z(Cl%' + o2 —yi)?
i=1
Determine three vectors vy, s, b such that this problem is equivalent to minimizing

|17y + cota — b

(b) Find a linear system of equations whose solution gives the optimal choice of ¢1, ¢y in the
previous part. You do not need to solve the system. It is sufficient to write the
equations.
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(c) Now suppose that we wish to find the coefficients of a line in the form = = ¢;y + ¢ that
minimize X

> (i + e — i)

i=1
Find a linear system of equations whose solution gives the optimal choice of ¢; and co in
this case. You do not need to solve the system.

9. [12 points] Suppose that B = {01, - -, } is a basis for a vector space V,and T': V — W is a
linear transformation.
(a) Prove that T' is one-to-one if and only if {T'(v}),--- ,T(¢,)} is linearly independent.

(b) True of False (no explanation needed): the statement in part (a) remains true if {#;, - - - , U, }
is only assumed to be linearly independent (not necessarily a basis).

(c) Prove that T is onto if and only if {T'(¢), - ,T(0,)} spans W.

(d) True of False (no explanation needed): the statement in part (c) remains true if {7y, - -+ , ¥, }
is only assumed to span V' (but is not necessarily a basis).



