Math 272

Midterm 2

1. [9 points] Short answer questions. No explanations are necessary.

(a) State the dimension of cach of the following vector spaces.

o RS 5
o Myys 6
e 'P3 "{

1 0
(b) Find the angle between the vectors ( 2 ) and (1) .
-2 1

dot pecduet:  0+2-2=0

@ (vt

(c) For each of the following subsets of R?, determine whether or not it is a subspace of R2,

You do not need to prove your answer; simply state “yes” or “no.”
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3| |1 .
2. [9 points] Consider the two bases B = {[_01] , [;]} and B’ = {[5] ) [2]} for R%. Find the

change of basis matrix [1)5'.
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3. (15 points} Consider the following three vectors in R%.

0

- -1 - 2 . |3
u= 1 V= -9 w= 0
-1 2 1

Denote by W the span of {&, #, 5}.
(a) Find a basis of W.

\ -2 0 \ -1 o | -2 o

-1 z 3 0 o) 3\, | o (
v 0 o 6 o 0 )

- z ‘ (o} (6 l (o) o
pivoly in columns L33 =) {'{1, Wil o« bas Op

(b) What is the dimension of W?

@ (+he basm has 2 demasits).

(Parts (c) and (d) on reverse side)
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(c) Find an orthonormal basis for W. (Recall that a basis is called orthonormal if any two
vectors in the basis are orthogonal, and each vector lias norm equal to 1.)

Fich $e negas T, by othogonel vechs

\ 1
0 a V-:) -~ (3) -4 (—: — ‘Z
3 . =4 = - O -
w-pi‘oju[“‘) = (q) u-u o A 1= 6
Then Nﬂmag'}&
\ ' (743
(-!) -\t — ‘
! = v v e
-\’umt -
A -in -2 zlJe
\ | \IE U \/JZ
_ — 1% -iJz
N {")) 3 J o
b

12
(d) What clement of W is closcst to the vector b = 3 ? (In other words, which element #
0
of W minimizes ||7 - bjf?)

To minimixe [lc,.G+ Gw -—b”, we con solve the novmel egn:

Gk W C G-b

o Wew C ) w-b
Y - Ci 7

(_bl lb)( C‘-) B ( o )

PRI N I

(o)
|
Co the cowst pomk i SEr2E= 5 (1 )ez (8]

Another method : ad the prjeciony of | onto
the oithe. vedou fiom (c).
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4. [9 points] Suppose that {i, ¥} is a basis for a vector space V. Prove that {37 + 27, @ + 7} is

also a basis for V.

Linean independence
Suppost ¢ (3H+2%) + ¢ [G+0)=0 .

Thea (3c+G)d + (26 +G) V0.
6 v aw LI, i hllows the

Since
+c =0 & LG~+(q =0, .
(&}
o (2)(G) [8) Redem )~ (599
y A * .
o thu only possible seles of c. are u=0, CZ0.
Henee (3as2v, 893 o LE.
Span sy o LI ih gon s 2-dimesional,
Sine  {30t19, GH .
N iu!:d? 5 2-diwl (ithena BaAn‘)aPMoe[LWnﬁ),
W,
" } mml-bcay 0'PV.

so the ¥on £ [y, GV

e [T 0 < o B ¢
"\

Note Andther wey © cheok thet the seb s ohieas that
- W(3u+2i) - 2 (G4 )
-\ (3025 ) + 3B )

{av] € span{}
threfore ol of Ve in

an
"

<l ;t

)

- B
1429, 5497,

u .
Yhisspon, since (4,07 pom V.
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(o)
o Y& = [yt t
Y o= [ kb0 = [ 4]
L
= g+7 = | %
(¢) ;1 {x X*
0 % XD 3/
P,) AX(X-H) - XD : -‘7;—‘

n . J 6 otk
The 2t nem  Jlex= &)l & minimied

by scbing c=z%.

b othr wadh, Ly o The wuttiple of x closat fo ()

o

(n Hhe sewe of Fhenem).
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@ (9 points] Consider the following three vectors.

ol

(a) Show that @y, @, ¥ are linearly independent.

Aow-nachuce -

Pivotw eadh cdumn = sol'my [‘ “]S’(-‘-a heas mg‘*& varlables

‘T
32
=) eolwmm ane Bin. indep.

(b) Find the unique scalars ¢y, ¢s, ¢3 such that the vector

2
7= |1
3
is equal to c1% + cot2 + 3.
sama Nowop., buk wd the Gug. mdbii :

\ i 1 2 | 1 \ \
v 2 \ I 0o o)
\ 2 2 3 6 2 (
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