Amherst College
Department of Mathematics and Statistics

MATH 272 FINAL EXaM FaLL 2017

NAME: SB?U:[-I.WS

Read This First!

® You are allowed one page of notes, front and back. No other books, notes, calculators, cell
phones, communication devices of any sort, webpages, or other aids are permitted.

o Please read each question carefully. Show ALL work clearly in the space provided. You may
use the backs of pages for additional work space.

o In order to receive full credit on a problem, solution methods must be complete, logical and

understandable.
Grading - For Instructor Use Only
Question: 1 2 3 4 5 6 7 8 9 10 | Total
Points: 12 9 9 9 9 9 12 9 9 9 96

Score:
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Math 272 Final exam

1. [12 points] For each choice of a matrix A and vector b below, determine whether or not the
linear system AZ = b is consistent. If it is consistent, find a solution. If it is inconsistent, find
a “least-squares solution” (a vector Z such that |AZ — b|| is as small as possible).
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2. [9 points] Suppose that A is an n X n matrix and @, ¥ are vectors in R". Show that if A% = AT
and i # ¥, then A is not invertible.

Soln | (ly contnodichion)

Suppost tat GEV and At = AV,
Z, Suppose, fon cobradiction, that A i inverdibl
e Ati= AV
= A'AG=AAv )
= o=V é (con(’naoqrd-iavx e o #v).

S A i not jverkibl o all.

Sol'n 2
I An=Ay & 4¥FV, thw = -v)=0.
i o3 2D, +hir means thak D’L-V- %) rT'x non;uf;
slenzw{. D the nultspace of A, Buk invartible mafﬁ:
?mwﬁ- hove tivieh nahipee, v A cannot- be inve ,
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3. [9 points] Suppose that A is a 2 x 2 matrix, and that A represents (in the standard basis} a
graphics operation that transforms the unit square as shown. The figure on the left shows the
original unit square, while the figure on the right shows its image after transformation.
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(a) Determine the matrix A.
A = (2) et a- (5 2) b abo
g A9 = (2] a valid amwe (the
anwes s o (c)2(4)
- detferenk Fon this
0 |A= (_?‘l Z-_)/ jifca).

(b) Find a nonzero vector ¥ such that A7 = 7.
A=Y ) (MT)V =0
¢ wigae of (3 7)< (59)= G
o span(!) (pow-neduees o (57))

v=(1)]  (onany mutkple).

(Parts (c) and (d) on the reverse side)
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Math 272
(c) Find a nonzero vector @ such that A+ is a scalar multiple of , but is not equal to 7.

= (2T G = XA

ATl = |2 2| =

= (M-1)AR) So A=l & N3 antheelginveluy,

) = ﬂluuapOa(:‘( ::)=Hu[(gpau (éi

ei%x.nw_c['w fo X=3:
2 -l)_p ( 3 D

k____/
(row-nedudng)

nullspeece ((—l z o 3
= span (7).

w= (';I) (Mcmg mub&.pk)

(d) Let B = {7,}, where ¥, 17 are the vectors found in parts (b) and (c). What is the matrix

representation of this graphics operation in the basis B?

N =%V,
=V+t0O W

AW =3% o [AW]p= (3).
=0v+Iw
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4. [9 points] Let @ = ( 2 ) and 7 = (—1) . Find a basis of R? that contains both @ and 7.
-8 4
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5. [9 points] Denote by P; the vector space of polynomials in one variable of degree at most 3.
Define a transformation T : P3 — P3 by T(p(z)) = %p(:c) for all p(x) € P3. For example,

T(2* + 4x°) = 3z° + 8z.

(a) Show that T is a linear transformation.

For any two p.a e B amd celR,

T ( pt) + cqlx)

= i?—‘( p(d + ¢ q (]

]

P+ cq (¥

= Tp) *cTlg) v

s> T & Jneon,

(b) Denote by § = {1, 7, z%, 23} the standard basis of Ps. Find [T)g, the matrix representation

of T in the standard basis.

Yng coumm of [Tls ane gouncﬁ a» Boaffm-'

[T(Wes = [ols
[ty = 10 =
[TeH)s = (2
(Te3] s = [3¢;

(o) Hence
0
)
D

0533
| - 0
(g) {.T]S' O 0603
© 0O 00O

(%)
R0

(Parts (c) and (d) on the reverse side)



Math 272 Final exam

(c) What is the dimension of the null space of 7?7
o1 0O
/ ol o
RKEF & ol I (%oot)
o0o0

so  nulhpace 0 given (in S'-com&tacﬁm) b., SP&“(%’:),
je. span(1), all comtavit polynoniich .

spenned by one noves vedo
=) @M Wu“ipau.['l')-‘—ﬂ.

(d) What is the dimension of the range of 77

SO By acmk- nubdidy,
- dimRIT) = e T3 - dimmdlipac (T)

= 4 -|

=B3]

s'nZ  wangthe RREF &f T, we secthak T(ﬂ,Tbﬁ].T(\f‘)
o e o basisef  RLT), so RIT) @ 3-diemiond.
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6. [9 points] Suppose that A is a square matrix, and n is a positive integer such that A® = 0 (the
all-0’s matrix).
(a) Prove that the only eigenvalue of A is A = (.

Supposc A & an eigonalut.
Thew F0#0 AV =NV,

It followa 'Hfl_a}'-
A"V
O

<L

= A
=N

| <1

"

.

=\
= =0 (¢ince "v'd-ba).
=1 A=0,

So As0 & the oly postible edpenvalic

oL <l

<

(b) Prove that if A is nonzero, then A is not diagonalizable.
Z} Suppow 14 A o OQ\‘OgMQ&SGM( and vionyue.
" Then A=PDP whu P& diagsnd,

byyickly:
e moe | -
m;{-e.m%-hqk the say D= (Ao ,)\O ) | (= somsof A)
eniis of LW "
v g1 "
m\'{;’é[woPA. mn Av\z p (\t .. Oﬂ) P.-I
o0 by la) -{-h.a,'u O . Am
all ©. ﬁ = 0= P (L3P (ane k=g
, AN, O
= POP = ( PR

M. O
=) O = (O‘-M),So dA N, \mooee O

\ = D=0.

Bt tvn means that A=P-09"=20.%

So if A=+0, then 1t net OQFQ?JMQQC_}OQZZ_
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7. [12 points] Consider the matrix A= [0 2 -1].
0 0 3
(a) What are the eigenvalues of A?
e |
|A-2T| = o = | = (1A)(2-2) (3N)
o o A
| 2=1,23]
{b) Find an eigenvector for each eigenvalue that you found in part (a).
(novests) rm
=1 o = -l o 1 o 10 _
— o t -] — © o -2|=— [0 O Vi
c o 2 o 0O 2 0o 6o
cha
A=2 -l =1 =1 Voo O . -1
— 0O o -!] — O o L = (o'
6 o0 3 C 0 o
b
Az3 o, - _|)-—-» o 1 vg-(_u)
C o fa o ©0 o ‘

(Parts (¢) and (d) on the reverse side)
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(c) Find matrices P and D such that D is diagonal and
A= PDP7,

D= Jiaw wl efcfmvafm = ( zg)

—_—
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0o

P = c.hang:.ap baa frone *‘ Vi .Ut .Vl-;
to sk bun
bl
( Vi \71 Vl)
N .

-1 0 (o any wiakay
S whew columm
© 0 eve mudbiplesel

— these)

(d) Find an explicit formula for the matrix A",

(Your answer should be a 3 x 3 matrix, where each entry is written explicitly as a linear
combination of nth powers of the eigenvalues of A).
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8. [9 points] Your search engine is attempting to rank three webpages, denoted A4, B, and C.
You produce a sequence of scores for these pages, as follows. Each page is assigned an initial
number of points in some manner. Then the scores are revised in a sequence of stages. In each

stage, the following three things happen simultaneousty:
o All of page A’s points from the previous stage are given to page B.
e Page B’s points from the previous stage are split evenly between pages A and C.
o All of page C's points from the previous stage are given to page A.

(a) Describe briefly how your search engine might have decided on these rules, based on the
hyperlinks between pages A, B, and C (following the “original version” of Pagerank that

we discussed in class).

®— ©

A Ll cm(q o B
B finks % beth A &C
C ,O,t‘nlw cmf«j fo A

(b) Suppose that in stage 1, the scores are as follows: A has 2 points, B has 4 points, and C
has 1 point. What will the scores be in stage 37

2z 3
stace =
3
A seou 2 —3t 3 : 3 A ha 3
B s Yy % 2 4 3 B hes
\ ¢ 4 C hc‘q l
C's St It 2w |

(Parts (c) and (d) on the reverse side)
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(c) Write a transition matrix to describe how the scores are updated from one round to the
next. More precisely: find a matrix T such that if & is a vector consisting of the scores of
A, B and C at some stage, then 7% is a vector consisting of the scores of A B, and C in
the following stage. (This was the “link matrix” in our discussion of Pagerank.)

(d) Find an assignment of positive scores to A, B, and C such that, if these are taken to be
the initial scores, then the scores of the three pages will not change from one stage to the
next.

we  wonk Tv =v (eiqurvedts o A=\).

-1 1z |
aullspace (T-I) = nullypee | - .
0 )] -1
\ -l -1 o=tz -y
now- neduging T-T - 1o - 1 ™ [0 U -2
O /1 -1 6 o0 o
| o -
> lo 1 -3
cC © O

T -e-.u_ varichlc

I - 2 an Dsl'l'n'\/t
) 0 one stecdy - state sebn. m‘{hp Y
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9. [9 points] Suppose that V' is an inner product space, where the inner product of ¥ and ¥ is
denoted (7, w). As usual, define ||Zf| = \/(&@, &). Prove that for any two vectors 7,w € V,

|17 + | + 7 — @ = 2(|7))* + 2[|5)|>.

—— T — - - - - . -
H\j.\.g{,]ll + |I“\7-wn = (v+w, Viw) + (V~w, 9-W)

S

bﬁhhm\b = (U, VAW + (W, VAR (0, U -R) (W, TR
\Y'\

quwt!-“*j
= (V¥ *',Qﬁ-rm"‘};ff"s*
R AR A Y . SRR
wn(_e,“'mg
T { = T,V + 2w, W)

= 2.t +2 0wt 4 dosiced,
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10. [9 points] Suppose that f(z) is a continuous function on the interval [—=, 7] that has been
measured in a laboratory. You have reason to believe that the function should be approximately
equal to some linear combination of sin(z) and cos(z). Using your experimental data, you
compute the following integrals.

T
f(z)sinzdzx = 7

-1

™
fz)cosz dz = 13

if =7

You may also use, without proof, the values of the following integrals.

w
/ sinfxdr = 7
-7

v
/ sinzcoszrdr = 0

-
w
f cos’zdr = =

-

(a) Let V = ClO—x, 7] denote the vector space of continuous functions on [—m, 7]. Define an
inner product on V, and identify each of the five integrals above as an inner product (f, g)
of two elements f,g of V.

(£.9) := f: £(x) g(x) dx

Then the  five integialy ane, nespectively

L, sinx)d
€ cosx)

{sinX, Sinx) = T

2
13

i

1

ie.
. _ s[y]\‘ & oSy
0} =0 T
{siny, coixd & cithcaoual.

{ o~ osx) = T
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(b) Suppose that we choose two constants ¢;, c2 and define a function g(z) as follows:
g(z) = c1sinz + cacos 2.

Find the values of ¢y, ¢ that will ensure that " (f(z) — g(z))? dz is as small as possible.

(= L0 (g b))

proved on
(f-9. sinx) =0 homewok,

. o ( Pset 1. supp.2(5)
g < -G COSX ) =

< § ~ ¢, Six- Cq CosY, siax ) =0

& < F - ¢ sinx= crcody, cosx ) =0 .
TMW %Cvc: (\D‘-j ﬂfﬂ-ﬂ@l\"lj)

O= ({sian) - e.(simsimd-cileomind] ) = (f, cosx) — ¢, sin, cow)

-C oY, Lot
O:‘. ?""“CF’TT‘ "'C‘L'O 1(

0= \3- C¢.'O~Cqp-TT
=% Cl.—:?/’rr

(con aho wre the “poedion fomde™ From clon),

. 1
$o &3(&) = %—smy + —%@

in the bort apmovimadipn (as meanued by [ (161501E4)

=5 Cz = 13/11'




