Ambherst College
Department of Mathematics and Statistics

MATH 272 FINAL ExaM FaLL 2017

NAME: S\O‘?U:hBﬂS

Read This First!

e You are allowed one page of notes, front and back. No other books, notes, calculators, cell
phones, communication devices of any sort, webpages, or other aids are permitted.

o Please read each question carefully. Show ALL work clearly in the space provided. You may
use the backs of pages for additional work space.

¢ In order to receive full credit on a problem, solution methods must be complete, logical and

understandable.

Grading - For Instructor Use Only
Question: 1 2 3 4 5 6 7 8 9 10 | Total
Points: 12 9 9 9 9 9 12 9 9 9 96

Score:
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1. [12 points] For each _choice of a matrix A and vector b below, determine whether or not the
linear system AZ = b is consistent. If it is consistent, find a solution. If it is inconsistent, find
a “least-squares solution” (a vector Z such that ||AZ — b|| is as small as possible).
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(Part (c) on the reverse side)
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1 1 3
(c)A=(0 l)and5=(0).
-1 =2 0
l (3 {0 3
é, \ \ 0) —~ o o [fncom‘m’rcuﬂ
-1 =210 QO _© 3

so we sdue the  “newmal equation™

Final exam
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SO %= (3.) i the Jeant ~squanas solution.
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2. [9 points] Suppose that A is an n X n matrix and @, ¥ are vectors in R". Show that if A7 = A7
and @ # ¥, then A is not invertible.

Soln | (by contnadiction)

Suppose that T#V and A = AV.
Z, Suppost, fo contradiction, that A i invertibl

Then |
Ati= AV

= A'AR= A*Av )

=y “=Vv 4 (contnadrkion sine LV

So A i et javertivle aftrall.

Soln 2

if An=Ay & 4¥FV, the =) =0.

--3 2B, +hi meams thak W~V & & neapio
T A B inverile maliiees

w A cannot be savarhble

Sinc

elemunt of the nullspace 09
wiuat hove s viah mﬂmace,
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3. [9 points] Suppose that A is a 2 x 2 matrix, and that A represents (in the standard basis) a
graphics operation that transforms the unit square as shown. The figure on the left shows the
original unit square, while the figure on the right shows its image after transformation.

1

(a) Determine the matrix A.
AGS) = () ke A= (4 2} o abo
& AL9) = (3) a valid anmwe (the
OYNW S JD (C]g(d)
- detferenk Fon this
0 |A= (3‘1 Z-_)/ zﬁ:f o).

(b) Find a nonzero vector ¥ such that A% = 7.
AG=v (=) (A-T)V =0
¢ wdlgae of (23] (59)= ¢
o span(l) (now-neduces o (57)

v=(1)]  (orany mukpl).

(Parts (c) and (d) on the reverse side)
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(c) Find a nonzero vector w such that A is a scalar multiple of w7, but is not equal to .

A5Tl= |22 e el G - X403

= (-D(R) So Azl & A3 anethe elgenveluy.

eicax,nvcd'm fo x=3:
nitgace ((530-(3 ) = oy 21 -t
- - —
-SWM(J) MJWﬂwMa@ﬂ,
W= (’;') (ommg mu&p@

(d) Let B = {#,}, where ¥, are the vectors found in parts (b) and (c). What is the matrix
representation of this graphics operation in the basis B?

M=%, so TAS)g = (o).
=lVt0Ww

AW =3W so [Mw]ps (9.
=0v+t3w

\ {
[A)g = ([Al'v]., [A\ﬂo)

-5 3)
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-1 1
4. [9 points] Let @ = ( 2 ) and 7 = (—1) . Find a basis of R3 that contains both @ and 7.
-8 4
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5. [9 points] Denote by P; the vector space of polynomials in one variable of degree at most 3.
Define a transformation T : P3 — P3 by T'(p(z)) = d%p(a:) for all p(z) € P3. For example,

T(z3 + 4z%) = 32> + 8z.

(a) Show that T is a linear transformation.

Foranytwo P.AN €} and celR,
T (plt)+ c-qlx))
= i%( p(d + ¢ q (]
P+ cq (v
T(p) + ¢ Tlq) v

]

s T & Jneon,

(b) Denote by § = {1, z,z? 23} the standard basis of P5. Find [T}s, the matrix representation
of T in the standard basis.

Yog coumm of [Tl ane ?ound as @oavws-'

[T(‘Q‘GS = [0]5
[T(“ﬂs = LMs =
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(Parts (c) and (d) on the reverse side)



Math 272 Final exam

(c) What is the dimension of the null space of 7
o 1L OO0
y o\l 0O
rRer af [T o (goo l)
o000

so  nulhpate & give (n § -coadincta) by Spcm(% )'
je. span(1), alk contbant polynomiiah.

spaned by ome novppo vedm
= lﬁﬁ"‘ wallypare [ T) =1

(d) What is the dimension of the range of T'?

sdn\ By ok nuldity,
— AmRIT) = DT} - dim nullipae ()

= 4 -|

=3]

s'nZ  wangthe RREF & T, we secthak T, TEEL T
o e o basisef  RLT), so RUT) @ 3-dinemiond.
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6. [9 points] Suppose that A is a square matrix, and n is a positive integer such that A® = 0 (the
all-0’s matrix).

(a) Prove that the only eigenvalue of A is A = 0.

Supppse A & an e‘\%"’“’alu"
Thes Iu#0 AV =RV

It follows +had:
ANV = AW
= OV =\'V
=) 6 = X"V
=) N=0 (une T +D).
= A=0,

So A=0 & the only posgible etirmvaf’u-t.

(b) Prove that if A is nonzero, then A is not diagonalizable.

4 Supprd A &\‘QQMCLKCSC\)L( and vondue.

[ Then A=PDP" whue Do diagoncl,
 mone l‘Y)‘IC‘H‘]’ Ar o bp
nohe that e say D=5y ) (=t nows ef A)
em{v\lkwh‘rp;[?w_ /8
m\t/dalw&PAu mn sz P ('Xr\ ‘.. O ) P__.
<0 Bc., la) ‘{'hﬁf'“ O ) A\e
e e

r N, O
= POP = (o')\g

n
= 0O = ('XC‘)..')\%)JSO Al N \mase O
) = D=0.

Bt tin mean thet A=9P.0P"=0.%
o b A0, then 1t net dicgandhzoble
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1 =1 =1
7. [12 points] Consider the matrix A = (0 2 —-1) e
0 0 3

(a) What are the eigenvalues of A?
B

o A - I = (t-a)(2-2) (3-1\)

o o 3-A

(2=12.3]

|A-NT|=

(b) Find an eigénvector for each eigenvalue that you found in part (a).

(aow‘"f"*)

. |
A=1 o =! - o I 1 o 10 _
— o V\ U] O o0 -2 | — O 0 | Vi

6 o 2 © o 2 0 0o

c ,
2 -l =1 =1 Lo O - -~

=)= (eel) o)

6 0 32 O O o

P

Alatc O - - -_— o l t \/3“(""t

0O o fa) o 0 o ‘

(Parts (c) and (d) on the reverse side)
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(c} Find matrices P and D such that D is diagonal and
A=PDP7.
I O 0
D= Jiac}umﬂ wl eigvaluy = 51 30
ey
P= changed baay faow {7, 7:,W4)
to skh ban
o 3) _ [V =1 o (o eny wiatay
N (‘{' ?;‘ s T 1ot~ whewe columm
0 o0 o ene mudbiplesef

these)

(d) Find an explicit formula for the matrix A”.

(Your answer should be a 3 x 3 matrix, where each entry is written explicitly as a linear
combination of nth powers of the eigenvalues of A).
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8. [9 points] Your search engine is attempting to rank three webpages, denoted A, B, and C.
You produce a sequence of scores for these pages, as follows. Each page is assigned an initial
number of points in some manner. Then the scores are revised in a sequence of stages. In each

stage, the following three things happen simultaneously:
o All of page A’s points from the previous stage are given to page B.
o Page B’s points from the previous stage are split evenly between pages A and C.

o All of page C'’s points from the previous stage are given to page A.

(a) Describe briefly how your search engine might have decided on these rules, based on the
hyperlinks between pages A, B, and C (following the “original version” of Pagerank that
we discussed in class).

A cm(q*o B @
B finks & both A & C 7‘ \
C Dinls cmlij o A @"@

(b) Suppose that in stage 1, the scores are as follows: A has 2 points, B has 4 points, and C
has 1 point. What will the scores be in stage 37

2 3
Stage 1
1
A seon 2 : A ha 3

3 1) h
g% seon e/ 3 B has

w
w

w

C's Stone {7 2L % | =

(Parts (c) and (d) on the reverse side)
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(c) Write a transition matrix to describe how the scores are updated from one round to the
next. More precisely: find a matrix T such that if @ is a vector consisting of the scores of
A, B and C at some stage, then T'% is a vector consisting of the scores of A, B, and C in
the following stage. (This was the “link matrix” in our discussion of Pagerank.)

(d) Find an assignment of positive scores to A, B, and C such that, if these are taken to be
the initial scores, then the scores of the three pages will not change from one stage to the

next.

we  wonk Tv =v (eiqunvedsy o A=\).

aullipace (T-TI) = nulhpec -,{ -t-llz ol

0] 1 /2 -\
\ =~ -1 LI Y v B
Aow-nedugng T-T: T o oy 1 = o v -2
O /1 -1 606 o0 o

l (o
— o -2

0 © O
R fuoe varighle.

’ ’ H
) W one s“@acﬁj -stabe seln. :‘ﬂ”?hp D:: ‘:\‘).
(e steady-state prvbcbility vedmn
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9. [9 points] Suppose that V is an inner product space, where the inner product of ¥ and 7 is
denoted (7, w). As usual, define ||Z|| = \/(&, @). Prove that for any two vectors 7,7 € V,

17+ &l* + 17 - @l* = 2[15)1* + 2{|3)|*.

(eIt + 15 -%l° = (U, 94%) + (T-®, 9-@)

{i”iﬁ?»\“m“’ N VAW )+ (W, VW) + (7, V=) - (W, T-)
on qumen’s
= (39 + (9R) + BT+ (W, )
POV ~ TR ARG F (R
contefing
Fems { = 200 « 24w, W)

= 2. Nt +2- Wit 4 desiced.
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10. [9 points] Suppose that f(z) is a continuous function on the interval [—m, 7] that has been
measured in a laboratory. You have reason to believe that the function should be approximately
equal to some linear combination of sin(z) and cos(z). Using your experimental data, you
compute the following integrals.

U
f(z)sinzdzx = 7

-7

m
f(z)cosz dz = 13

f =T

You may also use, without proof, the values of the following integrals.

¥ig
/ sinzdr = 7

7T

s
f sinzcoszdr = 0

-
w
/ coslzdr = =

-

(a) Let V = CO[—x, n] denote the vector space of continuous functions on [—m, 7]. Define an
inner product on V, and identify each of the five integrals above as an inner product (f, g)
of two elements f,g of V.

(5.9) = [ fx)gl)ex
Then thew  five in‘l‘ec,,d?/, an, }w)pedﬁvclq'
T, siny)d

€ cosw)

{sinX, Siny) = T

N

gt
13

1e.
< an\‘ Z, oSy

{siny, cosxd =0 Frerothogonat

{ cosx. osx) = T
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(b) Suppose that we choose two constants ci, ¢z and define a function g(z) as follows:
g(z) = c1sinT + cacos z.
Find the values of ¢}, c that will ensure that ™ (f(z) — g(z))? dz is as small as possible.

To minime  (f-g, £-4) (=. f_;‘ (£&1-g(x)) on]

L wlies to enaune thak
p/povczﬂcm

- sinx) =06 homewenk |
(Fog. sine (DSt M. supp.2(b)
gz <f-g cosx) =6
1€.
{§ ~c siax-ccosx, sinx) =0

& <F’ C, Sin%= CaCody, cosx) =0 .
W %,Cvc: (b'j onMCMi‘fj)

D= <-f. siaxX) - ¢, (S Simd ~caleomsind] () = <,f" cosx) — ¢, {siny, cow)

-C COI¥, COSN)
O = 3 —¢ I -¢-0 7-<

o= \3 - Cn'O“C-(_"’T

=5 a P - ?//IT => CZ - l3/1T

(con aho wre the “yoiedion Somads” Fiom clon),

. |
S0 &(x) = %—-smy + %@

in the beat apmodimadipn (ar meanned by [ (161511%)




