Ambherst College

Department of Mathematics and Statistics

MATH 272 MIDTERM 2 SPRING 2018

NAME: J\ olutione

Read This First!

 You are allowed one page of notes, front and back. No other books, notes, calculators, cell
phones, communication devices of any sort, webpages, or other aids are permitted.

e Please read each question carefully. Show ALL work clearly in the space provided. There is
an extra page at the back for additional scratchwork.

¢ In order to receive full credit on a problem, solution methods must be complete, logical and

understandable.
Grading - For Instructor Use Only
(Question: 1 2 3 4 5 6 Total
Points: 9 9 15 9 9 9 GO

Score:
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1. [9 points] Short answer questions. No explanations are 11eCEessary.

(a) State the dimension of each of the following vector spaces.

o RS 5
o Mays 6
L4 'P3 “I

1 0
(b) Find the angle between the vectors ( 2 ) and (1) .
-2 1

dot piodct: 0+2:7 20

(@] (ri2

(c) For each of the following subsets of R2, determine whether or not it is a subspace of R2.
You do not need to prove your answer; simply state “yes” or *no.”

() o]
0}

i 2:{:+3y=1} no

)
G)v==h



Math 272 Midterm 2

This page intentionally left blank. You may use it for scratchwork.



Math 272 Midterm 2

2. [9 points] Consider the two bases B = {[_01] , [;] } and B’ = {{g] , [é]} for R2. Find the

change of basis matrix [I]5'.
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3. (15 points} Consider the following three vectors in R*.

1 -2 0
7= -1 5= 2 0= 3
i -2 0
~1 2 1

Denote by W the span of {#, ¥, &}.
(a) Find a basis of W,

\ -1 o ! -1 (o] ] o

L ! o O 3\, o o
\ ot ° 0 6 (a) 0O O o]

- C l o) 0o | o O 0
ok in alamns 183 = |{5, W} i« basio of W-

(b) What is the dimension of W?

@ (¥he bagn has 2 elumorih).

{Parts (c) and (d) on reverse side)
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(c) Find an orthonormal basis for W. (Recall that a basis is called orthonormal if any two
vectors in the basis are orthogonal, and each vector has norm equal to 1.)

Fict, #Pe neplae W, W by orthogoned vechun:
1
"= (-:-I:)
0
-proiu(ﬁ) = (é) -
Then nomalize:
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T ——
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Wz e

-2 z{Je
] _{ WL l
——— = AN -\/2
\h*'-m'ro ( ' ) 11

1t
: -“) )
_,"'_' ! = Ut ( "
[E{3274% R i { /

12
(d) What clement of W is closest to the vector b = g ? {In other words, which clement 7
0

of W minimizes || — b]|?)

T minimillc Bt Gw —b |l we can ol the nowmd eqn:

{l

2 o)e P

o
t lo g
(o the clowt pomb o Butiws 5‘(:.“)*2(‘3:) A

Anothen methiod: a4 the prections of K oo
the eithe. vedkos fiom (c).
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4. [9 points| Suppose that {i,7} is a basis for a vector space V. Prove that {3% + 27, @ + ¥} is

also a basis for V.

Linean independence
Suppose ¢, (3T+W) ~ e (G+0)=0 .

mn (3C.+C1_)a + (ZCl +C1) G:'O .
o v o LI, iF fllows +het

Sinte
3¢,+ ¢ =0 & 2C. + (1 =0, ] g o]
e (2 ')(E)= (8) Reduciv, (;_‘l(u)"" [o;lu,
2 * .
So the O'th pUszu-l U&‘WA@{I .G are =0, C=0.
Hence (3a+zv,mﬂ » LL.
.S:Pg_ﬂg- L B*n‘ a+\ﬂ » LI, ib pen is Z-A‘nwmran:_ H
wriv,
X V ihdf D 2-diw\ (it han @ baad b Hwo elemental,
Now: L |
the gon of (3i+v, 3 40) b be oM AV

50

e [T 0 2o B ¥
ne

NO”‘Z Avw{‘hm way do cheole f’hﬁ} the sot Sfons” ohiea Hiat
T L (twe) - 2 (@
o = -y (30 )+ 3LBF)
3 +20, G491,

+his spev, since {2,507 qpon V.

<
Vente {ag] € seon
and Vhoefor ok of V Jies i
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5. [9 points] Consider the vector space C[0, 1] of continuous functions on the interval [0, 1]. Regard
this as an inner product space, with the following inner product.

1
(fg) = f f(2)g(z) da

You measure a function f(z} in the laboratory, whose graph appears to be well-approximated
by a straight line. Using the experimental data, you compute the following integrals.

-/lf(l-)dj- G = <11;>
0
/l:r'f(:t:)d:c = 5 = <X:‘;>
0

Determine the constants c;, ¢o such that fol (e + cor — f(z))? dz will be minimized (so that
¥ = ¢ + cox will approximate f(z) as well as possible. in total-squared-error sense).

Neke 1 &x one
n_B“‘ m{-hognnd,so L

1 1 (C. +C~.><—¥(nﬂ v not 320:14“@ picjcet
1
g x L (c+ax- M) o 1€x

b suffies to enauwne that

Thit amourts tothe linean sysfenn:

LN <L o LAY
R VA (x, 6
O iaets GOz ads {xe= Yy

1

so the W*BM (B
1 Wz G 6
(\n u:)(c=)=(5)
I wue | 6 Lo
(\n TEY l 5 7 6

-\ - Uy =3

—6)
24

4 ( U
—
7 O i

L the but comonh ane \a=-b =24
( the appiosimating funchion iy —6"'2'43()
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6. [9 points] Suppose that a linear transformation T : R3 — R? is used to draw a three-
dimensional scenc on a page. A point £ € R? will be drawn at the location T(Z) on the

page (which is identified with R? by some choice of coordinates).
0
A()-E
1

(1]] on the page, the location

Suppose that the following three equations hold.

(- ()

In other words, the location |0| in the scene is drawn at location [
0
0

0
[lj' in the scene is drawn at location [—3!?25] on the page, and the location l:O] in the scene
0 g 1

. . 0
is drawn at location [

1] on the page.

3
(a) Suppose that one corner of a structure in the scene is located at the coordinates [5 .
1

Where on the page should it be drawn?

T((3)- 3( () « sT( () + L7 (%)
= 3(ph 5 G )+ 1 18

- 3—*—!+°) - (—') ,
B (b+‘5+\

(b) Find a matrix A such that T(7) = Av (this matrix A is called the matrix representation
of 7).

“f\o s ,

T 1 1

ié?iy irr;c;q( o

- 6

€ é',

(part (c) on reverse side)
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For convenience, the three equations from the previous page are reproduced here:

IR

(¢} Determine a basis for the nullspace N{T') of T. What is its dimension?

| e 1LY O
O 3g \

| St O & 413

—
») 47 | Bz 513
no A%-D o
i %ﬂl soln * ' N3l -513 (\(3 ‘Ffee,)
|

SO {('f;ﬁ)} b a bayw ke NCT)

which o [1-dimenional .
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