MATH 42
FINAL EXAM
11 MAY 2015

Name : SOlU.'hOV\.S

e The time limit is 3 hours.

e No calculators or notes are permitted.

o The last page is a multiplication table for arithmetic modulo
29, which will be useful for several problems. You may detach
it from the packet for ease of use if you wish.

1 /20| 2 /5| 3 /5
_4 /5| 5 /5] 6 /5
7 /5| 8 /5|9 /5
10 /6|11 /7|12 /7

» /80




(1) Short answer questions. Each answer is worth 2 points. You
do not need to show any work. Several questions have mul-
tiple possible answers; you only need to give one.

(a) Compute the greatest common divisor of 77 and 91.

9(_??: \4 Answer: ?
#1- 5.4 <D = —
\4-2-3=0

(b) Find a perfect number (that is, a positive number which is
equal to the sum of all of its divisors, including 1 and itself).

Answer: 6 ( 0.160 /4 8, "l%, et ')

(c) Find an integer z such that 3z =4 (mod 7).

3 L= 18 =4 Answer: ___6*_ (01 \3,20 u'dﬁ)

(d) Find the smallest positive number of the form 15z + 39y,
where z and y are integers (positive or negative).

qc&(ls . 39) Answer: _3
=ch(|5,9)
= CJ(.O\L(D,(BJ
= qui(éfS]:-S

(e) Find a positive integer n such that 10" = 1 (mod 113).
(The number 113 is prime)

Answer: \\2 (F QT)



(f) Evaluate ¢(130).
\30:25‘\3 Answer: 48 B
@ (30) = 1°4-12

(g) Find an integer x, between 0 and 28 inclusive, such that
2?2 = —1 (mod 29). (You may wish to use the multiplica-
tion table on the last page.)

Answer: M’ (GV‘“«Q e MM)

(h) Evaluate the Legendre symbol (-;—;?)
2 (2 |
(T? ‘(3?)

=1 )
(sine 31=Imodd & 37 5m0d8)

Answer: I

(i) Find a primitive root of 7.
powened 2: 2 4 L .. Answer: 3 o1 5 (dhlgiu
3: 326451, needed)
as o T 1 ..
0 g &5 &8 T8 e
6: & 1 ..

(j) Find a number n, greater than 100, which is not a sum of
two squares (the number 0 is considered a square).

102 (wany other
post;e)u amwers)

Answer:

(20 points)



(2) Solve the following congruence.
123z =3 (mod 301)

Your answer should be in the form z = a (mod m), where a is
between 0 and m — 1 inclusive.

Evtended Euclidean dgeitam:

(201)
(\23)
fs53= 30\~ 1(123) ]
= (123)- L[58
e = (5 (z3) ~2(301)
- [s51- “03]
o = 9-(30) -22(\2%)
. =- Lr:‘i\]z;\l"-tzséo\) ~36(300 + 38(123)
=93 (23)-38(301)

So 93 o the inverse of \23 wodulo 301.

93123x = 933 wipd 301

X = 279 vatd 30!

(5 points)



(3) Solve the following pair of congruences.

z = 3 (mod 15)
z = 13 (mod 16)

Your answer should be a single congruence of the form
z = a (mod m), where a is between 0 and m — 1 inclusive.

x=3+ 5k (For some keZ)

3+\5k = 13 mod 16
|5k =10 wmod b
~l= \D wod lb

L =-10 mod\b
zb wiodh b

= ¢ =6+ \bh (%‘sow ‘462)

- X = 3+ \g(é-l—\&h\
= 3+90+ 240h

= 93 + L40h
X 293 wiod 240
ludion:
Al 5o U ok
= 13+ lbk 23mod IS
(bl =-1Dwod|S
Vle= 5 mod\S
= X =\3 4\6(5¢15h)
= \34 80 +240h

Te. %=z 93wud2H0, (5 points)



(4) For each of the following four numbers (with factorization into
primes given), either write the number as a sum of two squares
or state that it is impossible to do so.

_
(a) 962 =213 37 37 =6"+1

5 = =5 21337=(56+ 0% (51~ 1)
|3 = 3+t . . =31« 1}
= 213 = (13+12) * (12-13) obnen poss. answen [T 1T

- 57._‘_4\7.

(b) 1189 = 29 - 41
29=5%7"
y\= 54t

1 LS
=> 29 4li= (5:5+2:4) <+ (54 -2°5)
= [33T210t] ot posnans. EEa)

(c) 1725 =352 23
3 4 23 ane pivi = 3modd octuning an odd vuwthes

oPHmer inthe privae Qac\onsc&_im
=) UM?DSS!'OLEJ

(d) 6137 = 17-192
1# =4+
o 719 (419)7 (19)"

(5 points)



(5) Prove that /7 is irrational.

4 Suppost Per the salez of covivadichion thatJTe Q.
Then V7 = alb, wheu a,h an MVJﬂVc\L‘iP”‘W“
pOS\’c‘\Vc [w\‘e%ws (JF wna neduced Lo 16%).

Thoufer ot=Fh"

So 7!611, henee 7o (swviee 7 O pf)wa.
Twe%u w Pach 71101, S0
._?‘L\?BL
= Z|b |
= 7|6 (un 7 pmm).
Toswdeu @ have a2 common Pader,

/’

whith & & cs\/\\-m&%dﬂm, <

The Yy pothents muat Now been Pabae; Houreoue
TER.
ALk solution:

A\, beeawne 19 either ove deven H'TM
N-?*f;:f”?t S:ZK\:};&:&*E :l;g euen: snce quilad)=1 $hr &4 impossibk .
o= wpll

= =35t gl 157 modY,
Now, ik 644 Sﬁmﬁ{;\ﬂmw% so at=Tbt mply

hWida D a con
. (5 points)



(6) (a) List all of the prime numbers between 70 and 100.

71,73, 79, 83, 89.9%F.

(b) For which of these prime numbers p does z* = 5 (mod p)
have an integer solution z?

Y25 wodp hay a sodion = (—g-) =1
(= (£)=1 (quad . recprocty,

= \wod
(=> p=\ordwodS (Thexan using §=Iwedd)
4+he quad./wsicfuu vod 5).

So X=Swudp hay a solutim -Pml'pi-:?\,}ggﬁ bt not
the othuns.

(c) For which of these prime numbers p does z* = 3 (mod p)

have an integer solution z? (_E_) .‘P Ps \Mthq
3
Bq qua dnatic A.cc'\[v\oc\’r% (F) = {_ (%) iPp=3 modd

(sinte 3=3mdy]

So* z
(‘%)'-‘"(3%): -(3)=- (=1 \ yi=3moedp hosa S;\:how
) + (D)= 1 ) .

L ¥, . (3})=_ Jm=d \ouk not e sther +wo.
(%)= -3

(%) = (3‘_31) % -'-1':) =1 (5 points)



(7) You are trying to read a certain 5-digit number on a piece of
paper, but two of the digits are illegible. What you can read is
the following (the units and hundreds digits are illegible).

57 3

Fortunately, you know two facts about this number:
e It is divisible by both 4 and 9.
o All five digits are different.

Determine the number.

Let tredigph be A and B. Then the vumber i
53030 +100A+8.

£37030+\00A+B =0 windH

=y 248 =0 wedd
= B = 2 modH

so B o Zaob.
Aloo, 53030 ¥ l0oA+R =0 wid 9
S“(ewpowwiﬁp \D ML1M0
\ 54—:}-\:"54-};-\-3 =0 wmodd
\5+A+B=—OW\0A9
A-\-BE-\S wioh
E'waod
- =1
Sp 1P BT, then A= imodd . o A=l
\:\m\u? R=b.then A=-3modd, 30 Ao b
Since A=B, they cant be 6. So A=l auwd B=Z.

(5 points)



(8) Suppose that a,e, f, and m are positive integers such that the
following two congruences hold.

e

a (mod m)

il
1 (mod m)

af
Prove that

afdlef) =1 (mod m)

By the Ewchdean adgoithm, thea ot integens U Lv st

eu-fv= qal(e,?).
W omuad thar uy oM positive (otherwise swap
e can

@ e and '9)
TM&Q@L E aeu _ O\P'V'\' qCALC.‘P)MBA m
(0% = (a¥)" 2 74P modm
=) =

Akl ‘?)
= 1*=1" o’ <Vanod

- 1= a‘*“\w\mﬂmr
= =

(5 points)



(9) Solve the congruence
=5 (mod 29).

Your answer should be in the form z = a (mod m), where a is
between 0 and m — 1 inclusive.

(You may want to use the multiplication table on the last
page.)

Hint. The answer will be congruent to 5/ for a well-chosen

value of f.
B2 ot nodl, 505
= 1 wiod @ (29), than Y =X wodll
\g 232@9)-:'23 we want an “\Y\VU\\,(OP 7-'3W)DAZS.
ince ’

U the excended ouclidean olgeaithm’

(28)

(E'?p (28 {(23)

= 1’5)"‘\[‘-;-)
ad - (S (23) -4 (29)
0\ = 231 15)
L = W (29)- 908 ' 9
wod1R, sO Wt lewow thed x =5 wid 19.
| (w) the mad2s oudd, Fable)

S0 B =173 moAZﬂ

L.

So \\ 3> ‘
L U CLAIVL squaning’
\ =5
g"; 5.5=125
g4=25.25=1b

(5 points)



(10) Consider the rather large number N = 253 (Note that this is
2 raised to the power 53%°, not 253 raised to the power 69.)_
(a) Find the remainder when NV is divided by 4.

Z"lN since 536931. So [ N=0OwedH |,

(b) Find the remainder when N is divided by 25.
©(15)=120, 50 we can P & Aeduie 538 wod10 (guk(225)=1).
siwilanly, @ (L) =16, so we can Pask Mﬂuée 69 wod\b.
9= Ewodlb, o 53%9 = §3° wmod 10
L ‘i\3mw§ 10, .50 JAD 5_3‘5 3Smo&7_0

Now. wid20.
2 =-7
il
\S5720=38\F
\'S":_—'-VSma&ZO

Thw £.53%= 3 wid10, hence NEZ“\N\OAZS.

By suitemive squaning,

2'27 wedls 2% = =W =12 wod 1S

sl
%;f:?; L“L‘X% 2= 22242 = [FenllS.
282 6 = l4med TS ¢ \N=\7 modl5 .
z-\\

(c) From parts (a) and (b), deduce the last two digits (units
digit and tens digit) of N.

Fom (a), N=Hk Do some Ve
Fom (B, 4l = (Fm0d75

Uu = (913 wod?S
\9 '-l\'\: e U&= 23 modlS

Hence N = 413+ 25h) = 92+ 100k,
o N= 92 vaod 0D,

$o Fhu Jwt Awo drgih 8 N

e [97].

(6 points)




(11) Alice has a message m, encoded as a number between 0 and
28 inclusive, which she wishes to communicate to you using
ElGamal encryption®. As part of your secret key, you know the
following fact.

19 =6 (mod 29)
Alice has generated a number a, which she keeps secret, but she
guarantees that the following two congruences are true.
19° = 7 (mod 29)
m-6* = 10 (mod 29)
From this information, recover the number m.
(You may wish to use the multiplication table on the last

page.)
Hint. It is possible to compute m without computing the
number a.

Since b= 19'° 1k Pollows +hak
62 = (l9‘°)a:—: (\9“)‘0 = 7%0d 9.
Ry sutt. squaning: (wingthe wukh. Fable)

7=7
s a_qW 74 &19
) o 641 =W
?’5:7[3-?51;{
s |6 162 |
Thus jn-zqawmoc\&w. Now Pind an inverse o 24 mod 29
Wus
gf)) ! wz 1310 wabd 19
(51= WM = 77wodlS (wningthechart)

[}=5[S1- (1) =
- 519)- 64
= 2_'-\~(-(3) =\ modld
ie. 24.23=| wod29. (7 points)

1You do not need any specific knowledge of ElGamal keys and encryption to
solve the problem; the three congruences given are enough to solve for m.

Aty soln: You cam Dind thad a=70 by quursing and chelivg
Then 62=6"=224 by suec. squarmg 8 poteed as hebae



(12) Prove that the equation
o’ +6° =3
has no rational solutions (i.e. there are no two rational numbers
a, b satisfying the equation).

Z, Suppost thad Jt4kt=3, whoe abe® Thew:
o= % b=;er ¢ decZ.
(we can Pnd acomwion denominate P a and ).

'-\

So 7
- %—;=3

9.,‘0
¢

C,'L-l- C‘L =73 A-L (iV\\‘CLgM)
 34°

T o o sum o) Two squans. Bw :
So —S-Qic\-o(sj:i& intp P, contting '3 an.srozm w:«mo\)
\gp‘ﬂi‘\ﬂ (1 plus Iwite the numbe & Himes iroccun ,

Y“M N

Sp 3 canot be a sum o) fwo mregm Sq'um,
\oog Feamedi theetews 60 sumih of two squanes,
0 G contiadichion. Z

(.e.

So atth =3 ho vo Aa\-xovm\ solutions.

(7 points)



