MATH 42
MIDTERM 1
20 FEBRUARY 2015

Name : fo,w('iong

e The time limit is 50 minutes.
e No calculators or notes are permitted.
e FEach problem is worth 5 points.
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(1) Find all prime numbers p between 1 and 100 such that
p=-1 (mod 15).
The vumben conO{WHo ~IwmodlS  locdween ( and 100 ane:
14,29 HY4.59, 74,89
0F thore, 3 ane even. Buk the vkt out 1o be prime,



(2) Recall that a primitive Pythagorean triple consists of three pos-
itive integers (a, b, ¢) such that
o a’ + b =(? and
e there are no common factors of a,b and c.
Find a primitive Pythagorean triple such that a = 15.

we wish 1o solve
15T+t =t
e, 15%= (crb)(c-b).

Since ¢ shiould have no common Pudor. veither dhould c+b, cb,

Thurelne theat anetwo wapdo Dind soludions:
g 4
cxb=5" c+o= 1
{c—b=3"- ir..—-la—l
= _— ZEL"?._._ C_-; 7;!5_‘:! - ug
” ib-:'.’:;:_?-.-.\s? - {b=1'§;':“=\\.1
(ab.d)=(15.8.F) (a.h.c)=(\s,\2,3)

Both ane PPT%, and in Padk hercansthe vy poscible choices,

Resvale, Both con be doond el b e necie (54, S $%8)
Twe Jogu above Pollows the .qun oD how +his Nedpewas chui.



(3) Compute the greatest common divisor of 1106 and 203.

NW0&- 5203 = Db~ OIS
=91
203-2-9\ = 203-\81
=71
9\ - 42l =9-&
=7
2\- 31 =0.

Hence qed(\0b.203)
= qu['LD'S,g\)

= qud (9\.21
= qul('?—\:'n
:C,Lollq.(ﬁ:i.



(4) Solve the following congruence.
28z =3 (mod 149)

App\qinq the (wjrevvhol) Euclidean aQCpu-}hm“b 28 and 149:

() (&)
191 = (W9 -5(w)
(1 = @) 319 = )- 3|9 5@l
= |b{28) -3 (\9).
T 1628 = wod \US. ThorePone

29¢ =3 (wiod 1H9)

<>

bax = b3 wmed\
A

})

x =48 wod W9

‘



(5) Suppose that a, b, ¢ are positive integers such that ged(a, b) = 1.
Prove that if a divides bc, then a divides c.

Coluion 1
Since gedlanb) =1 o exivt xyeZ st ax+by=1

Then
cax + Cb\d"‘c

A (CX-\- = q\ =%c
S albe, e So x+%y e, so e o mudiplecla.

SolukionZ
Malee un of umigue Padeinakionivlo paimes. Then ab.c canhe

wn‘\\'kn
a= ant---P.l eac\n P, &t '\'U’NW“
b= QuquAm (ot neemanily distind).
¢ = (L &L-in
hak --:_-'Z i+ 4o can be PM
Then M alhe wean {mey}w cludes

wmes., By uniguenes,
”‘b;n G, B, -=, B except +ha} ecchh Puifa hos beew

M,@bﬁ Sivite quﬂ.qm =1, vio M P
gﬁad %Yi‘mqu: so W M& each J? oclion) (We Night

numha t\w@ i the fud *01\30}\‘0\4 . Henee
alc.



(6) Suppose that you enter a store carrying a large supply of 6 dol-
lar coins. The shopkeeper is able to make change using 28 dollar
coins and 63 dollar coins. Find a way that you can purchase a
1 dollar item.

For partial credit, you may first assume that both you and the
shopkeeper have a large supply of all three types of coins (6,28,
and 63) and solve the problem in this context.

Thir amounds 1o solving
bx=23y+ 63z +1.
Eon Wl cudih we nequire %42 %0 For pantial cnedit,
ey com be mqah\ff—i“*e?au onwelk. | saw o number 6 pice
coutions; hare oz a couple
Colukiond oy 40 choose 42 Binst. As Jong @ €[ (284+633), thaae

will bea wenlting choie s X, So we requne

28y +63z =-1 wod &
‘:’-Zv) *32 Eé‘ modb  (neducing 288 63)

One sovn v y=17, 2=l Then we shoudd tolie

w = o, z__(_)_ .

)4: 6 |

So you can ;aq b §b co, and nueive T $28 coim and 1 443

coin W change.

Colutionl Notice Yhak you can’
o) « Pay §1: by qwing 5
\) - Get §3 back: by V™
So youcan do a) twice ond then do (b) once.
Thir cwounts fo 9Aving 20 {6 coiy and guthng 7 $28 coin

and a {63 coin back.

W gunal One con prove that all soltions (positive Bnagudkive) haue +he form
X=20+ IHHZ\M] $or kheZ. | oftev saw thore choteer:

=

{6 coim auAgc\Hm 1§88 bak
10 $6 coins and y;\'\'inﬂ 463 coin badk.

Y=27+3k (z0.2.)
2=1+Zh (16:5,5)
(160,32,1)



(additional space for work)



